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CLASSIFICATION OF SOLVABLE 3-DIMENSIONAL LIE
TRIPLE SYSTEMS
THOMAS B. BOUETOU
Abstract. We give the classification of solvable and splitting Lie triple
systems and it turn that, up to isomorphism there exist 7 non isomorphic
canonical Lie triple systems and, 6 non isomorphic splitting canonical
Lie triple systems and find the solvable Lie algebras associated.
1. INTRODUCTION
A Lie triple system(LTS), is a space where is defined a ternary operation,
verifying some conditions, namely the Jacobi identity and the derivation
identity. They where first introduce by Jacobson [19]. Later on Lister [25]
gave a structure theory and the classification of simple LTS. Yamaguty [49]
obtain from a total geodesic space triple algebras which where the general-
ization of LTS. Loos [27] show that a symmetric space can be seen as a
quasigroup, and Sabinin [38, 39] show that a quasigroup can be seen as a ho-
mogeneous space. In particular, any Bol loop under the left action derivative
give a LTS i.e. the description of the infinitesimal structure of a smooth Bol
loop contain a LTS. This fact give the idea of investigation of LTS since also
the use of LTS appear in the ordinary differential equation functional anal-
ysis...In this paper our main object is to give the classification of solvable
and splitting LTS up to isomorphism our approach is based on the envelop-
ing Lie algebras of a LTS.Since the Lie algebras obtain from the standard
embedding of a LTS it is an enveloping Lie algebra i.e. if a LTS is solvable
his enveloping Lie algebra is solvable, conversely if a Lie algebra is solvable
the the LTS obtain is solvable. Considering the classification of solvable Lie
algebra, we will carry out the classification of LTS of small dimension.
We will organize this pepper as follows: The first part is the introduction,
the second part we give the definition and some result about LTS. In the
third part we give the classification of LTS of dimension two, the forth part
we give the classification of solvable LTS and finally the last part we give the
classification of splitting LTS.
2. ABOUT LIE TRIPLE SYSTEMS
Definition 2.1 The vector space M (finite over the field of real numbers
R) with trilinear operation (x,y,z) is called a LTS if the following identities
are verify:
(x, x, y) = 0
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(x, y, z) + (y, z, x) + (z, x, y) = 0
(x, y, (u, v, w)) = ((x, y, u), v, w) + (u, (x, y, v), w) + (u, v, (x, y, w))
Let M be a LTS, a subspace D ⊂M is called a subsystem if (D,D,D) ⊂ D,
and is called an ideal, if (D,M,M) ⊂ D. The ideals are the Kernel of the
homomorphism of the LTS see [27, 46].
Example For a typical way of construction of a LTS see in [27, 46].
Let G be a Lie algebra (finite over the field of real numbers R) and σ-an
involutive automorphism, then
G = G+ ∔G−
where σ|G+ = Id and σ|G− = −Id, as any element x from G can be written
in the form:
x =
1
2
(x+ σx) +
1
2
(x− σx),
where x+ σx ∈ G+, x− σx ∈ G− and G+ ∩G− = 0.
The following inclusions hold:
[G+,G+] ⊂ G+, [G+,G−] ⊂ G−, [G−,G−] ⊂ G+.
Then the subspace G− turns into a LTS relatively under the operation (x, y, z) =
[[x, y], z].
The inverse construction [27].
Let M be a LTS and define by
h(X,Y ) : z −→ (X,Y,Z)
a linear transformation of the space M into itself where X,Y,Z ∈M.
Let H be a subspace of the space of linear transformations of the LTS
M whose elements are the transformations of the form h(X,Y ). The vector
space G = M∔H, become a Lie algebra relatively to the commutator [A,B] =
AB − BA, [A,X] = −[X,A] = AX; [X,Y ] = h(X,Y ) where A,B ∈ H,
X,Y ∈M.
Let us define the mapping σ with the condition σ(A) = A, if A ∈ H and
σ(X) = −X,X ∈M, then σ is an involutive automorphism of a Lie algebra
G = M∔H.
The algebra G constructed above from the LTS, is called universal en-
veloping Lie algebra of the LTS M.
Definition 2.2 The derivation of the LTS M, is called the linear trans-
formation d : M −→M such that
(X,Y,Z)d = (Xd, Y, Z) + (X,Y d, Z) + (X,Y,Zd).
One can verify that, the set d(M) of all the derivation of the LTS M is a
Lie algebra of the linear transformations acting on M.
Definition 2.3 The embedding of a LTS M into a Lie algebra G is called
the linear injection R : M −→ G such that (X,Y,Z) = [[XR, Y R], ZR].
The embedding R of the LTS M into the Lie algebra G is called canonical,
if the envelope of the image of the set MR in the Lie algebra G coincide with
G and h does not contain trivial ideals of Lie algebra G. Let us note that
if the LTS M is a subset of the Lie algebra G, then (X,Y,Z) = [[X,Y ], Z]
and [M,M] is a subalgebra of the Lie algebra G hence M+ [M,M]- is a Lie
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subalgebra of G and the initial embedding R can be consider as canonical in
MR + [MR,MR]; this lead us to formulate the following proposition:
Proposition 2.1 For any finite LTS M over R, there exist one and only
up to automorphism accuracy, one canonical embedding to the Lie algebra.
2.1. SOLVABLE AND SEMISIMPLE LIE TRIPLE SYSTEM. Fol-
lowing [25]:, let Ω- be an ideal of the LTS M, we assume Ω(1) = (M,Ω,Ω)
and, Ω(k) = (M,Ω(k−1),Ω(k−1))
Proposition 2.2 [25] For all natural number k, the subspace Ω(k) is an
ideal of M and we have the following inclusions:
Ω ⊇ Ω(1) ⊇ ........ ⊇ Ω(k)
Proof
(Ω(1),M,M) = ((M,Ω,Ω),M,M) ⊆ ((M,Ω,M),Ω,M) + [[[M,Ω], [,Ω]],M]
according to the definition of a LTS
(Ω(1),M,M) ⊆ (Ω,Ω,M)+[(M,Ω,M), [M,Ω]] ⊆ (M,Ω,Ω)+(M,Ω,Ω) = Ω(1)
that means Ω(1) is an ideal of M further more Ω(k) = (Ω(k−1))(1) hence each
Ω(i) is an ideal in M.
Definition 2.4 The ideal Ω of a LTS M is called solvable, if there exist
a natural number k such that Ω(k) = 0.
Proposition 2.3 [25] If Ω and Θ are two solvable ideals of a LTS M then
Ω+Θ is also a solvable ideal in M.
Proof
using the definition of a LTS, the following inclusion hold: (Θ + Ω)(1) ⊆
(M,Θ,Θ) + (M,Ω,Ω) + (M,Θ,Ω) + (M,Ω,Θ) ⊆ Θ(1) +Ω(1) +Θ ∩ Ω.
Assume for every natural number k the following inclusion holds:
(Θ + Ω)(k) ⊆ Θ(k) +Ω(k) +Θ ∩ Ω
by induction let’s prove that its holds for (k + 1)
(Θ+Ω)(k+1) = (M, (Θ+Ω)(k), (Θ+Ω)(k)) ⊆ (M,Θ(k)+Ω(k)+Θ∩Ω, (Θ∩
Ω)) ⊆ Θ(k+1) +Ω(k+1) +Θ ∩ Ω
hence the result
Definition 2.5 The radical of a LTS denoted by R(M), is called the
maximal solvable ideal of the LTS M.
A LTS M is called semi-simple if R(M) = 0.
Theorem 2.1 [25] If R is a radical in M then (M \ R) is semisimple.
And if Ω is an ideal in M such that (M \R) is semisimple then Ω ⊃ R.
Proposition 2.4 [25] The enveloping Lie algebra, of a solvable LTS is
solvable. And if a LTS has some solvable enveloping Lie algebra, it is solv-
able.
Theorem 2.2 If M is a semisimple LTS, then the universal enveloping
Lie algebra G is semisimple.
Theorem 2.3 [2] Let M be a LTS and G = M∔h his canonical enveloping
Lie algebra and r- the radical of the Lie algebra G. In G there exist a
subalgebra P semisimple supplementary to with r such that:
M = M′ ∔M′′ (direct sum of vectors spaces)
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where
M′ = M ∩ r− radical of the LTS M
M′′ = M ∩P− semisimple subalgebra of LTS M
h = h′ ∔ h′′ (direct sum of vectors spaces)
h′ = h ∩ r
and
h′′ = h ∩P are subalgebra in h
r = M′ ∔ h′
P = M′′ ∔ h′′.
2.2. PROBLEM SETTING. Let M be a LTS and dimM = 3. To be
consistent with the above Theorem the following cases are possible:
(1) semisimple case
M- semisimple LTS (in fact simple). About the classification of such
LTS see [1, 12, 25]
(2) Solvable case
M is a solvable LTS. The classification of such system is given sec-
tion 4.
(3) Splitting case
M = M1 ∔M2
where M ≡ R- solvable ideal of dimension 1 in R andM2 -semisimple
LTS of dimension 2 This type of LTS is considered at the last section.
3. CLASSIFICATION OF LIE TRIPLE SYSTEM OF
DIMENSION 2
For a better survey of such LTS, we will write their trilimear operation in
a special form.
Let M be a 2-dimensional LTS we write the trilinear operation (X,Y,Z) =
β(X,Y )Y − β(Y,Z)X where β : V × V −→ R is a symmetric form. The
choice of the basis V =< e1, e2 > one can reduce the symmetric form to the
view: (
α 0
0 ν
)
,
where α, ν = ±1; 0.
By introducing the notation of the derivation
Dx,y : M −→M
z 7−→ (x, y, z)
h = {Dx,y}x,y∈M .
And
G = M∔ h- canonical enveloping Lie algebra of the LTS M.
Let M =< e1, e2 > then,
h = {tDx,y}t∈R,
e1D = (e1, e2, e1) = β(e1, e1)e2
e2D = (e1, e2, e2) = −β(e2, e2)e1
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G =< e1, e2, e3 >
where [e1, e2] = e3, [e1, e3] = −e1D, [e2, e3] = −e2D
Therefore we can have the up to isomorphism accuracy the following five
cases:
(1) (Spherical Geometry)
(
1 0
0 1
)
,
G/h ∼= so(3)/so(2)
(2) (Lobatchevski Geometry)
(
−1 0
0 −1
)
,
G/h ∼= sl(2,R)/so(2)
(3) LTS with non compact subalgebra h
(
1 0
0 −1
)
,
G/h ∼= sl(2,R)/R
(4) Solvable case
• a)
β =
(
1 0
0 0
)
,
e1 · e2 = e3, e1 · e3 = e2
(This is a Lie algebra G of type g3,5(p = 0) in [31])
• b)
β =
(
−1 0
0 0
)
,
e1 · e2 = e3, e1 · e3 = −e2
(This is a Lie algebra G of type g3,4(h = −1) in [31])
(5) Abelian case
β = 0 G/h ∼= (R)2/ {0}
4. CLASSIFICATION OF SOLVABLE LIE TRIPLE SYSTEMS OF
DIMENSION 3
Let M- be a solvable LTS of dimension 3, and G∔h its canonical envelop-
ing Lie algebra then G is solvable in particular G posses a characteristic ideal
G′ = [G,G] ⊲ G,
σG′ = G′, G′ ∩M = M′ = (M,M,M) further more h ⊂ G since h =
[M,M] then
G′ = [G,G] = M′ + h where M′ (M
Possible situations:
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(1) dimM′ = 0. Then [h,M] = M′ = {O}, that means h ⊲ G- ideal,
that is why h = {O} (since G- is an enveloping Lie algebra) and
M = R ⊕ R ⊕ R. In this case, the LTS is Abelian and we denote it
(type I).
(2) dimM′ = 1. Choosing the base e1, e2, e3 in M such that, M
′ =<
e1 > and M = M
′+ < e2, e3 >.
We will introduce in consideration the linear transformation A,B,C :
M −→M, define as:
A = (e1, e2,−) =

 a b c0 0 0
0 0 0

 , B = (e2, e3,−) =

 α β γ0 0 0
0 0 0

 ,
C = (e3, e1,−) =

 x −α− c y0 0 0
0 0 0

 .
And if a skew symmetric form defined as Φ(−,−) : M×M −→ R,
such that (x, y, e1) = Φ(x, y)e1. The dimension of M is 3, that is
why there exists z ∈M, z 6= 0, such that Φ(−, z) = 0. The following
cases are possible:
• b.I. The skew-symmetric form Φ is non zero and z is parallel to
e1 (z ‖ e1), then in the base e1, e2, e3 the skew-symmetric form
Φ has the corresponding matrix:

 0 0 00 0 δ
0 −δ 0

 ,
where δ 6= 0. Adjusting e3 to 1 \ δe3, then Φ(e2, e3) = 1,
Φ(e3, e2) = −1, so that α = 1, a = x = 0 and
A = (e1, e2,−) =

 0 b c0 0 0
0 0 0

 , B = (e2, e3,−) =

 1 β γ0 0 0
0 0 0

 ,
C = (e3, e1,−) =

 0 −1− c y0 0 0
0 0 0

 .
The verification of the defined relation of LTS shows that, with
accuracy to the choice of the vector basis e2 and e3, it is possible
to afford the following realization of the operators A, B, C as:
A = 0, B = (e2, e3,−) =

 1 0 00 0 0
0 0 0

 ,
C = (e3, e1,−) =

 0 −1 00 0 0
0 0 0

 .
(type VII)
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• b.II. The skew-symmetric form Φ is non zero and z is not par-
allel to e1, let z = e2, then
A = (e1, e2,−) =

 0 b c0 0 0
0 0 0

 , B = (e2, e3,−) =

 0 β γ0 0 0
0 0 0

 ,
C = (e3, e1,−) =

 −1 −c y0 0 0
0 0 0

 .
The verification of the defined relations of LTS, show that the
indicated case has no realization.
• b.III. The skew-symmetric form Φ is trivial. By completing the
vector e1 with the arbitrary choose vector e2 and e3 up to the
base, it is possible to realize the operator A, B, and C:
A = (e1, e2,−) =

 0 b c0 0 0
0 0 0

 , B = (e2, e3,−) =

 0 β γ0 0 0
0 0 0

 ,
C = (e3, e1,−) =

 0 −c y0 0 0
0 0 0

 .
The verification of the defined relations of LTS, show that by a
suitable choice of basis vectors e2, e3 the following realization of
operators A,B,C is possible:
– Abelian Type (Type above)
– A = C = 0,
B = (e2, e3,−) =

 0 0 10 0 0
0 0 0

 .
(Type II)
This LTS, is obtained by a direct multiplication of a LTS
of dimension two < e1, e2 >, by an Abelian one dimen-
sional < e3 >.
– -
A = (e1, e2,−) =

 0 ±1 00 0 0
0 0 0


B=C=0. (Type III)
–
A = (e1, e2,−) =

 0 ±1 10 0 0
0 0 0


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, B=0,
C = (e3, e1,−) =

 0 −1 ∓10 0 0
0 0 0

 .
(Type IV)
(3) dimM′ = 2 in particular, M′ is a subsystem of dimension two in M.
one can consider (refer to Section 3 ) ∀a, b, c ∈M′
(a, b, c) = β(a, c)b − β(b, c)a
where
β =
(
±1 0
0 0
)
and M′ is a two-dimensional Abelian ideal in M. In the first case
the choice of the base M =< e1, e2, e3 > such that M
′ =< e1, e2 >,
the operations of the LTS are reduced to:
A = (e1, e2,−) =

 0 ±1 x0 0 y
0 0 0

 , B = (e2, e3,−) =

 α γ µβ δ ν
0 0 0

 ,
C = (e3, e1,−) =

 κ −x− α ξχ −y − β β
0 0 0

 .
The verification of the defined relation of LTS, leads to the con-
tradiction of the condition that dimM′ = 2.
Let M′ =< e1, e2 >-be a two-dimensional Abelian ideal and e3-
the vector completing e1, e2 up to the basis. Then:
A = (e1, e2,−) =

 0 0 a0 0 b
0 0 0

 , B = (e2, e3,−) =

 α γ µβ δ ν
0 0 0

 ,
C = (e3, e1,−) =

 κ −a− α ξχ −b− β β
0 0 0

 .
Deforming the vector e1 in the limit of the subspace < e1, e2 >,
the matrix A can be reduced to the form a = b = 0 or a = 1, b = 0.
The verification of the defined relation of the LTS, in the second
case leads to the following realization of the operators A, B, C:
A = 0, B = (e2, e3,−) =

 0 0 10 0 0
0 0 0

 ,
C = (e3, e1,−) =

 0 0 00 0 1
0 0 0

 .
( type V)
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A = 0, B = (e2, e3,−) =

 0 1 00 0 ±1
0 0 0

 , C = 0.
(type VI)
In conclusion to the conducted examination we have the following theorem:
Theorem 4.1. Let M =< e1, e2, e3 >- be a solvable LTS of dimension 3,
G- its canonical enveloping Lie algebra(solvable), and let A,B,C : M −→M
the linear transformations of the view: A = (e1, e2,−), A = (e1, e2,−),
B = (e2, e3,−), C = (e3, e1,−): with isomorphism accuracy, one can find
the possibility of the following types:
• Type I. M- Abelian Lie triple system.
• Type II.
A = 0, C = 0, B = (e2, e3,−) =

 0 0 10 0 0
0 0 0


G =< e1, e2, e3, e4 >- four-dimensional non-decomposable nilpotent
Lie algebra with defined relations
[e2, e3] = e4, [e3, e4] = −e1
(this is g4,1 algebra in Mubaraczyanov classification[31]).
• Type III. M is a direct product of a two-dimensional solvable LTS
< e1, e2 >, and a one-dimensional Abelian < e3 > :
A = (e1, e2,−) =

 0 ±1 10 0 b
0 0 0

 , B = 0, C = 0
G =< e1, e2, e3, e4 > four-dimensional solvable and decomposable
Lie algebra, with defined relations:
[e1, e2] = e4, [e2, e4] = ±e1
moreover G =< e1, e2, e4 > ⊕ < e3 >, where < e1, e2, e4 >- three-
dimensional solvable Lie (algebra g3,4\5 in Mubaraczyanov classifica-
tion [31]).
• Type IV.
A = (e1, e2,−) =

 0 ±1 10 0 0
0 0 0

 , B = 0, C = (e3, e1,−) =

 0 −1 ±10 0 0
0 0 0


,
G =< e1, e2, e3, e4 >- four-dimensional solvable and non-decomposable
Lie algebra, with defined relations:
[e1, e2] = e4, [e2, e4] = ±e1
[e1, e3] = ±e4, [e3, e4] = −e1
(algebra g4,5\6 in Mubaraczyanov classification [31]).
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• Type V
B =

 0 1 00 0 ±1
0 0 0

 , A = C = 0
G =< e1, e2, e3, e4 >- four-dimensional solvable non-decomposable
Lie algebra with defined relations:
[e2, e3] = e4, [e2, e4] = −e1
[e3, e4] = ∓e2
(algebra g8\9 in Mubaraczyanov classification [31]).
• Type VI
A = 0, B = (e2, e3,−) =

 0 0 10 0 0
0 0 0

 , C = (e3, e1,−) =

 0 0 00 0 1
0 0 0


G =< e1, e2, e3, e4, e5 >- five-dimensional solvable non-decomposable
Lie algebra, with defined relations:
[e1, e2] = e4, [e1, e3] = −e5
[e3, e4] = −e1, [e3, e5] = −e2
(as a result we obtain an extension of four-dimensional Abelian ideal
G =< e1, e2, e4, e5 > by means of < e3 >, algebra g4,13 in Mubaraczyanov
classification [31]).
• Type VII.
A = 0, B = (e2, e3,−) =

 1 0 00 0 0
0 0 0

 , C = (e3, e1,−) =

 0 −1 00 0 0
0 0 0


Lie algebra G =< e1, e2, e3, e4, e5 >- five- dimensional solvable non-decomposable
Lie algebra, with defined relations:
[e2, e3] = e4, [e1, e3] = e5
[e1, e4] = −e1, [e2, e5] = −e1, [e4, e5] = e5
(algebra g4,11 in Mubaraczyanov classification [32, 33]).
5. CLASSIFICATION OF SPLITTING 3-DIMENSIONAL LIE
TRIPLE SYSTEMS
Let M = M1∔M2- be a splitting 3-dimensional LTS, where M1 ∼= R- is a
one dimensional solvable ideal in M and M2 be a 2-dimensional simple LTS.
Introduce in consideration a basis (e1, e2, e3) in M such that M1 =< e1 >
and M2 =< e2, e3 > and linear operators A,B,C : M −→ M such that
A = (e1, e2,−), A = (e1, e2,−), B = (e2, e3,−), C = (e3, e1,−) using the
process apply in the previous case one can obtain the following theorem:
Theorem 5.1. The following situation are possible and non isomorphic:
• Type 1. M = R⊕M2- direct sum of one dimensional Abelian ideal
and 2-dimensional simple ideal in M where M2 is a simple a simple
2-dimensional LTS of the view so(3)/so(2), sl(2,R)/so(2), sl(2,R)/R
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• Type 2.
A =

 0 −1 00 0 0
0 0 0

 , B =

 0 0 00 0 −1
0 1 0

 , C =

 0 0 10 0 0
0 0 0


M2 is a simple 2-dimensional LTS of the view so(3)/so(2)
• Type 3.
A =

 0 1 00 0 0
0 0 0

 , B =

 0 0 00 0 1
0 −1 0

 , C =

 0 0 −10 0 0
0 0 0


M2 is a simple 2-dimensional LTS of the view sl(2,R)/so(2)
• Type 4.
A =

 0 −1 00 0 0
0 0 0

 , B =

 0 0 00 0 1
0 1 0

 , C =

 0 0 −10 0 0
0 0 0


,
M2 is a simple 2-dimensional LTS of the view sl(2,R)/so(2)
• Type 5.
A = −C =

 0 −
1
4
1
4
0 0 0
0 0 0

 , B =

 −
1
2 0 0
0 0 1
0 1 0


M2 is a simple 2-dimensional LTS of the view sl(2,R)/so(2)
• Type 6.
A = C =

 0 −
1
4 −
1
4
0 0 0
0 0 0

 , B =


1
2 0 0
0 0 1
0 1 0


M2 is a simple 2-dimensional LTS of the view sl(2,R)/so(2)
The proof is somewhat intricate calculation as done in the section above.
Aknoledgment: This paper was able to be achieved, thanks to the schol-
arship obtain from the Agence Universitaire de la Francophonie.
References
[1] Berger M. Les espaces symmetriques non compactes. ann. sci. ecole norm. sup.-1957.-
T. 65.-N.2-p.85-177.
[2] Bouetou B.T. Classification of solvables Lie triple systems of dimension 3. RFUN.
M.-. 1993. 10p preprint in VINITI 17.12.93. N. 3101 B.93.(Russian)
[3] Cartan E La ge´ome´trie des groupes de transformation, la geometrie des groupes de
Lie et les espaces symmetriques. M.-Il. 1949.
[4] Cartan E. Les groupes d’holonomie des espaces ge´neralises. Acta math., 48(1926)-pp.
1-42.
[5] Cartan E. Lec¸ons sur la the´orie des espaces a connexion projective. -Paris: Gauthier-
Villars, 1937.
[6] Chern S.S. The geometry of isotopic surface. ann. of math.-1942.-vol. 43.-pp.545-559.
[7] Chern S.S., Simon. Characteristic forms and geometric invariants// ann. of math.-
1974. - vol. 999. -pp.48-69.
12 THOMAS B. BOUETOU
[8] Chirokov P.A. About one type of symmetric spaces. Math. sbornic -1957.-41/331.-
p.361-372. (Russian)
[9] Choquet-Bruhat Y. Geometrie differentielle et systemes exterieurs - Paris: ed. Dunod,
1968.
[10] Dubrovin B.A., Novikov S.P., Fomenko A.T. Modern diffrential geometry, methods
and applications. Graduate Text in Mathematics, 93 Springer-Verlag, New York,
XVI+468pp.
[11] Faulkner, J.R. Dynkin diagrams for Lie triple systems. J. Algebras 1980, n.62 pp.217-
242.
[12] Fedenko A.S. Spaces with symmetry.- Minsk: izd-vo BGU, 1977. (Russian)
[13] Fedenko A.S.. Symmetric spaces with simple non compact fundamental groups.Dokl.
akad. nauk USSR-1956.-T. 108. N.6 -p.1026-1028. (Russian)
[14] Grigore D.R., Popp O.T. On the classification of Lie subalgebras algebras and Lie
groups. j.math.phys.-1991.-vol.32-N.1-pp. 31-39
[15] Harris B. Cohomology of Lie triple systems and Lie algebras with involution. trans.
AMS.-1961.-vol.71.-pp. 148-162.
[16] Helgason S. Differential geometry and symmetric spaces. Pure and Applied Mathe-
matics, Vol. XII Academic Press, New York-London 1962 XIV+486pp.
[17] Hodge, Terrel L.; Passhall, Brian J. On the representation theory of Lie triple systems.
Trans. Amer. Math. Soc. (354) 2002 N. 11 p.4359-4391.
[18] Hodge, Terrel L. Lie triple systems, restricted Lie triple system, and algebraic group.
J. Algebra 244 (2001) N.2 p.533-580
[19] Jacobson N. Lie and Jordan triple systems Amer. Jour. Math. 71 (1949) pp. 149-170
MR 10:426
[20] Kobayasi S., Nomizu K. Foundation of differential geometry, Intersciemce publishers,
New-york-London-Sydney, 1969.
[21] Kovalev P.I. Lie triple systems and spaces with affine connection (Russian) Math.
Zametki 14 (1973) p. 107-112
[22] Kowalski O. Generalization of symmetric spaces. Lecture Note in Mathematics, 805
Springer-Verlag, Berlin-Ney York 1980. XII+187 pp.
[23] Kowalski O. A classification of Riemannian 3-manifolds with constant principal Ricci
curvatures. Nagoya maths. j. 1973.-vol.132.
[24] Lichnerowicz A. Ge´ome´trie des groupes de transformations. Donod, Paris, 1958
[25] Lister W.G. A structure theory of Lie triple systems. trans. AMS.-1952.-t.72.-pp.217-
245.
[26] Lister W.G On variants of Lie triple systems and their Lie algebras Kumamuto J.Sci.
Ser A7 1965/1967 pp. 73-83.
[27] Loos O. Symmetric spaces I General Theory. W.A. Benjamin, Inc, New York-
Amsterdam, 1969 VIII+198pp.
[28] Matveev O.A. On the manifolds with geodesics.Webs and Quasigroups, Kalinin: Kal.
st. Univ. 1986, p. 44-49. (Russian)
[29] Mostow G.D. Some new decomposition theorem for semi-simple Lie groups. mem.
AMS. -1955.-vol. 14.-pp. 31-54
[30] Mubarakzianov G.M. Classification of real structure of Lie algebras of fifth order. izv.
vusov: seri. Math.-1963.-T.34-N 99(Russian)
[31] Mubarakzianov G.M. About solvable Lie algebras. izv. vusov: seri. Math.-1963.-T.114
(Russian)
[32] Mubarakzianov G.M. Classification of solvable Lie algebras of dimension 6 with one
non nilpotent basic element. izv. vusov: seri. Math.-1963.-T.35-N 104(Russian)
[33] Mubarakzianov G.M. Somes problems about solvable Lie algebras. izv. vusov: seri.
Math.-1966.-T.32-N 95(Russian)
[34] Niederle J. The unusial algebras and their applications in particle phy. Czech. j.phys.
B30.-1980.-p. 1-22.
[35] Nono T. Sur les familles triples infinite´simales attache´s aux familles triples de Lie.
j.sci. Hiroshima Univ. ser. A.-1960.-vol.24 -N.3-pp.573-578.
[36] Rachevsky P.K. About the geometry of homogeneous spaces. work of seminar in
vectorial analysis -M., 1952.-T. 9.-p.49-74.(Russian)
CLASSIFICATION OF SOLVABLE 3-DIMENSIONAL LIE TRIPLE SYSTEMS 13
[37] Rosenfeld B.A. Theory of symmetric space of rang I. Math. review-1957.-41/83/-p.
373-380.(Russian)
[38] Sabinin L.V.About the geometry of loop. math. zamet. (1972) t.5 p 605-616 (Russian)
[39] Sabinin L.V.Odules as a new approach to a geometry with a connection (Russian),
Report of Ac. of Sci of the USSR (Math.) 233(1977), N. 5, p 800-803. Enlgis transla-
tion:Soviet. Math. Dokl. 18 (1977) N. 2, p. 515-518 Amer. Math. Soc.
[40] Sabinin L.V. Classification of trisymmetrical spaces. sov. math dak.USSR- 1970. -N3
p.194. (Russian)
[41] Stitzinger E.L. On derivation algebras of Malcev algebras and Lie triple systems.
Proc. Amer. Math. Soc. 55(1976) N. 1 p.9-13.
[42] Taniguchu Y. On a kind of pairs of Lie triple systems Math. Japon. 24 (1979/80)N.
6 p. 605-608.
[43] Tits J. Sur la classification des groupes algebriques semi-simples. C.R. Acad. sci.
Paris.-1959. N. 249.-pp. 1438-1440.
[44] Tits J. Theoreme de Bruhat et sous-groupes paraboliques. C.R. Acad.sci Paris.-1962
N. 254, pp. 2910-2912
[45] Tits J. Groupes simples et ge´ometries associe´es. M. proc. ICM Stockholm.-1962.-
pp.197-221.
[46] Trofimov V.V. Introduction to geometry of manifolds with symmetry.Translated from
the 1989 Russian original. Mathematics and its Applications, 270 Kluver Academic
Publishers Group, Dordrecht, 1994. XII+326pp.
[47] Turkowski P. Low-dimensional real Lie algebras.j.geom.phys. -1978.-pp. 119.-T.4.
[48] Turkovski P. Solvable Lie algebra of dimension six. j.math. phy.-1990.-T.6.-vol.31
[49] Yamaguti K. On the Lie triple systems and its generalization j.sci.Hiroshima Univ.-
vol. A-21.-1958.-pp. 155-160.
[50] Yamaguti K.On cohomology groups of general Lie triple system Kumamoto J.Sci.
ser.A8 1967/1969 p. 107-114
[51] Zamansky M. Introduction a` l’alge`bre et l’analyse moderne. Dunod, Paris: 1958.
[52] Zhang Z.X.; Shi Y.Q.; Zhao L.N. Invariant symmetric bilinear form on Lie triple
systems. Commm. Algebra 30(2002) N. 11. 5563-5578.
E´cole Nationale Supe´rieure Polytechnique,, B.P. 8390 Yaounde´, Cameroun1
E-mail address: tbouetou@polytech.uninet.cm
1currently at UMR 5030 (CNRS), De´partement des Sciences Mathe´matiques Universite´
Montpellier II Case courrier 051-Place Euge´ne Bataillon 34095 Montpellier CEDEX 05,
France e-mail:tbouetou@darboux.math.univ-montp2.fr
